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Introduction

By solving a linear program, you can learn more than just the values of the
variables and of the objective function. As an introduction to some of the pos-
sibilities, chapter 8 first derives a fundamental “duality” property of linear pro-
grams. Chapter 9 then explains how you can interpret the values of certain
“dual variables” to help you analyze the sensitivity of solutions to changes in
costs, demands and other data.
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8. Duality

The idea of duality is simple. Suppose we are given a certain formulation of
linear program, such as the standard algebraic form ofm inequality constraints
on variables x1; : : : ; xN :

Minimize
Pn
j�1 cjxj

Subject to
Pn
j�1 aijxj � bi; i � 1; : : : ;m

xj � 0; j � 1; : : : ; n

Then there is a linear program related to this one, called its dual, having n
constraints on variables �1; : : : ; �m:

Maximize
Pm
i�1�ibi

Subject to
Pm
i�1�iaij � cj ; j � 1; : : : ; n

�i � 0; i � 1; : : : ;m

If either one of these linear programs has a finite optimal value — so that it
is neither unbounded nor infeasible — then the other one has exactly the same
optimal value. Furthermore, if the original LP is solved by the simplex algorithm,
then the vector � computed at the last iteration turns out to be an optimal
solution to the dual LP.

We begin below by defining and illustrating the duality relationship for dif-
ferent formulations of linear programs. Then we give simple proofs of duality
and related properties for a few common forms.

8.1 Rules for forming the dual

The original linear program to be solved is customarily referred to as the
primal problem. Thus above we gave a primal-dual pair, which could be written
more compactly in matrix and vector terms as

Primal Dual

Minimize cx Maximize �b
Subject to Ax � b Subject to �A � c

x � 0 � � 0

The dual of the dual linear program is again the primal. Thus there is a symme-
try between the two problems; we choose to call one the primal only because it
happens to be the formulation of original interest.

Given a different primal formulation, we get a different form of dual. For
example, here is the dual for a primal in our standard algebraic form, with all
equality constraints:

Primal Dual

Minimize cx Maximize �b
Subject to Ax � b Subject to �A � c

x � 0
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In the dual, the restrictions � � 0 have disappeared. We could present many
different cases like this, but it will instead be most useful to give the general
rules that allow a dual to be deduced from any primal.

In general terms, we can say that the primal has some number m of con-
straints and some number n of variables, and is representable as some kind of
minimization:

Minimize
Pn
j�1 cjxj

Subject to
Pn
j�1 aijxj ? bi; i � 1; : : : ;m

xj ? 0; j � 1; : : : ; n

The dual, in turn, is representable as a maximization in n constraints and m
variables:

Maximize
Pm
i�1�ibi

Subject to
Pm
i�1�iaij ? cj ; j � 1; : : : ; n

�i ? 0; i � 1; : : : ;m

The question marks represent relationships that may vary from one variable to
another and one constraint to another, but that are linked in two ways between
the primal and the dual.

First, for each one of the constraints
Pn
j�1 aijxj ?bi in the primal LP, there is

a variable �i in the dual. If the constraint is an equality, then �i is unrestricted
in sign. If the constraint is a � or � inequality, then �i is restricted to be � 0 or
� 0, respectively.

Second, for each one of the variables xj in the primal LP, there is a constraintPm
i�1�iaij ? cj in the dual. If xj is restricted to be � 0 (as is the case in most of

our models) then the corresponding dual constraint is
Pm
i�1�iaij � cj . If xj is

unrestricted in sign, then the dual constraint becomes an equality, while if xj is
restricted to be � 0 then the dual constraint is a � inequality.

All of these observations can be summarized together in a table of duality
rules:

Primal Dual

Minimize
Pn
j�1 cjxj Maximize

Pm
i�1�ibi

Pn
j�1 aijxj � bi �i � 0Pn
j�1 aijxj � bi �i unrestrictedPn
j�1 aijxj � bi �i � 0

xj � 0
Pm
i�1�iaij � cj

xj unrestricted
Pm
i�1�iaij � cj

xj � 0
Pm
i�1�iaij � cj

If instead the primal is a maximization, then the table looks like this:
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Primal Dual

Maximize
Pn
j�1 cjxj Minimize

Pm
i�1�ibi

Pn
j�1 aijxj � bi �i � 0Pn
j�1 aijxj � bi �i unrestrictedPn
j�1 aijxj � bi �i � 0

xj � 0
Pm
i�1�iaij � cj

xj unrestricted
Pm
i�1�iaij � cj

xj � 0
Pm
i�1�iaij � cj

The dual is now a minimization, and the � and � signs exchange places in the
constraint entries of the table.

8.2 Examples

As illustrations of particular duality rules, we use one small linear program
made up for the purpose, and one from a game theory application that we pre-
viously developed. A linear programming model for the transportation problem
is then used to show how a class of primal models gives rise to a certain class
of dual models.

A small linear program. As an initial example, consider the following specific
primal LP:

Minimize 1x1 � 2x2 � 3x3 � 4x4 � 5x5

Subject to 11x1 � 12x2 � 13x3 � 14x4 � 15x5 � 101
21x1 � 22x2 � 23x3 � 24x4 � 25x5 � 202
31x1 � 32x2 � 33x3 � 34x4 � 35x5 � 303

x1 � 0; x2 � 0

The coefficients have been artificially chosen to highlight the relationship to the
dual. When the above rules are applied, the dual linear program looks like this:

Maximize 101�1 � 202�2 � 303�3

Subject to 11�1 � 21�2 � 31�3 � 1
12�1 � 22�2 � 32�3 � 2
13�1 � 23�2 � 33�3 � 3
14�1 � 24�2 � 34�3 � 4
15�1 � 25�2 � 35�3 � 5

�1 � 0; �2 � 0

Whereas the primal is a minimization with three constraints in five variables,
the dual is a maximization with five constraints in three variables.

The dual variables �1, �2 and �3 correspond to the three primal constraints.
Since the first two primal constraints are � and � inequalities, the first two dual
variables are restricted to be nonnegative and nonpositive, respectively. The
third primal constraint is an equality, however, so �3 is unrestricted in sign.



B–58 Optimization Methods — x8.2

The “right-hand side” constants 101, 202 and 303 of the primal constraints
become the corresponding objective function coefficients of the dual variables.

Each of the five dual constraints corresponds to one of the five primal vari-
ables. Since the first two primal variables are restricted to be nonnegative, the
first two dual constraints are � inequalities; since the remaining primal vari-
ables are unrestricted in sign, the last three dual constraints are equalities. The
coefficients in each dual constraint are taken exactly from the constraint coef-
ficients of the corresponding primal variable, while the right-hand side of each
dual constraint is the objective coefficient of the primal variable. For example,
the numbers in the fourth dual constraint 14�1 � 24�2 � 34�3 � 4 come from
the terms 14x4, 24x4 and 34x4 in the primal constraints, and the term 4x4 in
the primal objective.

Overall, you can think of the dual as being the primal turned “on its side”.
The dual’s coefficient matrix is just the transpose of the primal’s (recall that �A
is the same as AT� ). Every column in the primal becomes a row in the dual,
and every row in the primal becomes a column in the dual. Also, the objective
function coefficients in the primal become the right-hand sides in the dual, while
the right-hand side constants in the primal becomes the objective coefficients
in the dual.

A linear program from game theory. In Optimization Models we showed how
certain desirable strategies for two-person zero-sum games could be derived as
the solutions to linear programs. In the particular game used as an example,
playerA’s random strategy was given by the following LP:

Maximize z
Subject to z � 4x1 �x2 �x3

z � �2x1 � 4x2 � 2x3

z � �3x1 � 3x2 � 4x3

x1 � x2 � x3 � 1

x1 � 0; x2 � 0; x3 � 0

We want to show that the corresponding dual is precisely the linear program for
player B’s random strategy. Then we will have an explanation for the fact, which
we previously observed, that the two linear programs have the same optimal
value.

To apply our table of duality rules, we rearrange the constraints so that all
variables appear to the left:

Maximize 0x1 � 0x2 � 0x3 � 1z
Subject to �4x1 � 1x2 � 1x3 � 1z � 0

2x1 � 4x2 � 2x3 � 1z � 0
3x1 � 3x2 � 4x3 � 1z � 0

1x1 � 1x2 � 1x3 � 0z � 1

x1 � 0; x2 � 0; x3 � 0

There are four constraints in the four variables �x1; x2; x3; z�. Thus the dual
will also have four constraints in four variables. If we call the dual variables
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�y1; y2; y3;w�, then the duality rules for a maximization give the following lin-
ear program:

Minimize 0y1 � 0y2 � 0y3 � 1w
Subject to �4y1 � 2y2 � 3y3 � 1w � 0

1y1 � 4y2 � 3y3 � 1w � 0
1y1 � 2y2 � 4y3 � 1w � 0

1y1 � 1y2 � 1y3 � 0w � 1

y1 � 0; y2 � 0; y3 � 0

The coefficients in the objective come from the right-hand side values in the
primal. The numbers in the first three constraints come from the coefficients
of x1, x2 and x3, while the numbers in the fourth constraint come from the
coefficients of z.

It is easy to rearrange this dual so that it is in a more appealing form, like
the original primal:

Minimize w
Subject to w � 4y1 � 2y2 � 3y3

w � �y1 � 4y2 � 3y3

w � �y1 � 2y2 � 4y3

y1 �y2 �y3 � 1

y1 � 0; y2 � 0; y3 � 0

This is exactly the linear program that we devised to compute player B’s random
strategy. Since the two players’ LPs are duals, they must give the same optimal
objective value; thus we found that the max-min expected winnings ofA (equal
to z) were the same as the min-max expected losses of B (equal to w).

It can be shown that this duality is not a property just of the particular game
that we analyzed. The players’ linear programs are always duals, for any two-
person zero-sum game, and hence their expected payoffs are always equal.

A transportation model. As the game theory example suggests, it is useful
to be able to state the dual of a general linear programming model, rather than
for just a particular linear program. Here we use a transportation model as an
example.

As seen in Optimization Models, the data for a simple transportation model
can be written in terms of an origin set O and a destination set D as

ao units of material available at origin o, for each o 2 O
bd units of material required at destination d, for each d 2 D
cod cost per unit to ship material from origin o to destination d,

for each o 2 O and d 2 D

The decision variables are

xod units of material that are shipped from origin o to destination d,
for each o 2 O and d 2 D
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The formulation as a linear program is as follows:

Minimize
P
o2O

P
d2D cijxij

Subject to
P
d2D xod � ao; for all o 2 OP
o2O xod � bd; for all d 2 D

xod � 0; for all o 2 O and d 2 D
This is a general statement of the primal linear programming model for the
transportation problem. What is the corresponding general form of the dual?

To begin, observe that the primal has an origin or “supply’ constraint for
each member of the set O, and a destination or “demand” constraint for each
member of the set D. There will have to be a dual variable associated with each
of these constraints:

�o dual variable associated with the ith supply constraint,
for each o 2 O

�d dual variable associated with the jth demand constraint,
for each d 2 D

Since the supply constraints are � inequalities, while the demand constraints
are � inequalities, the rules for dualizing a minimization say that all �i � 0,
while all �j � 0.

The dual objective function — to be maximized — must sum the products of
the dual variables times their corresponding right-hand-side values. Hence the
formula for the dual objective is

P
o2O �oao �

P
d2D �dbd.

There must be a dual constraint corresponding to each primal variable xod.
Since the primal has xod � 0, the form of the corresponding constraint is

� � (constraint coefficients of xod) � (objective coefficient of xod):

The constraint coefficients of xod consist of the coefficients in the supply and
in the demand constraints, and the objective coefficient is cod, so the dual con-
straint becomes:

P
o2O �o � (coeff of xod in supply constraint for origin o)�

P
d2D �d � (coeff of xod in demand constraint for destination d) � cod:

But the coefficient of xod in all the supply constraints is zero, except for the
supply constraint at origin o, in which the coefficient is one. Similarly, the co-
efficient of xod in all the demand constraints is zero, except for a one in the
demand constraint for destination d. Hence the above expression collapses to
�o � 1� �d � 1 � cod.

Putting the objective and constraints together, we have the following dual
model:

Maximize
P
o2O �oao �

P
d2D �dbd

Subject to �o � �d � cod; for all o 2 O and d 2 D
�o � 0; for all o 2 O
�d � 0; for all d 2 D
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This linear program will give the same objective value as the primal, for any
choice of O, D, ao, bd, and cod. If there are m origins and n destinations, then
whereas the primal has m � n constraints in mn variables, the dual has mn
constraints in only m � n variables. We will later come back to this dual to
illustrate some interpretations of dual variables.

8.3 Duality theorems

We now proceed to show why the primal and dual linear programs really
do always have equal objective values. In the process, we derive several other
useful results pertaining to the optimal dual values.

To keep things simple, we will use the following form of primal-dual pair:

Primal Dual

Minimize cx Maximize �b
Subject to Ax � b Subject to �A � c

x � 0

Much the same results apply to other common formulations, however.

Weak duality. It is easy to show that the objective value of the primal LP can
never be pushed to less than the value of the dual LP, or vice versa:

If x̄ is feasible for the primal, and �̄ is feasible for the dual, then
cx̄ � �̄b.

This is proved by observing that, for any feasible x̄ and �̄ ,

Ax̄ � b ) �̄Ax̄ � �̄b
�̄A � c and x̄ � 0 ) �̄Ax̄ � cx̄

Putting together the two expressions deduced at the right, we get the desired
result.

Since optimal solutions must be feasible, we have an immediate corollary:

If x� is optimal for the primal, and �� is optimal for the dual, then
cx� � ��b.

This is a step in the right direction, which is why it is called “weak” duality.
What we eventually want to show is that cx� > ��b can never happen, so that
the primal and dual objectives must always satisfy cx� � ��b.

Before we go further, however, there are several other useful corollaries that
are easily derived. Suppose that we discover feasible solutions x̄ and �̄ such
that cx̄ does equal �̄b. Then no other feasible solution x̂ can give a lower
primal objective value; if it did, then we would have cx̂ < �̄b, violating weak
duality. By the same reasoning, no other feasible solution �̂ can give a higher
dual objective value. It follows that both x̄ and �̄ must be optimal:

If x̄ is feasible for the primal and �̄ is feasible for the dual, and if
cx̄ � �̄b, then x̄ is optimal for the primal and �̄ is optimal for the
dual.
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It turns out that the simplex algorithm finds exactly an x̄ and a �̄ of this kind,
which will be the key to proving strong duality.

What if the primal LP is unbounded? Then we can find a feasible solution x̄
that makes cx̄ as small as we like. In particular, if �̄ were any feasible solution
for the dual, then we could find an x̄ so that cx̄ < �̄b, violating weak duality.
Hence:

If the primal is unbounded, then the dual has no feasible solution.

Analogous reasoning gives the opposite result:

If the dual is unbounded, then the primal has no feasible solution.

The converses of these statements do not necessarily hold, however. It is possi-
ble for both a primal linear program and its dual to have no feasible solutions.

Strong duality. Suppose now that we are given a primal linear program in
the standard form, and that it has a finite optimal value. Then we have seen
that the simplex algorithm can be applied, and that it must eventually stop in
step (2). Let x̂ denote the basic solution when the algorithm stops, and let �̂
denote the vector that was computed in step (1).

Certainly x̂ is feasible for the primal LP, because the simplex algorithm only
generates feasible solutions. What about �̂? From step (1) we have �̂B � cB,
which means that

�̂ � ai � ci for each variable xi that is basic:

Because the algorithm has stopped in step (2), we must also have all reduced
costs dj � cj � �̂aj � 0, which rearranges to give

�̂ � aj � cj for each variable xj that is nonbasic:

Putting these together, we have that �̂aj � cj for every variable xj , or equiva-
lently �̂A � c, so that �̂ turns out to be feasible for the dual LP.

Finally, what about the objective values given by x̂ and �̂? Since x̂ is the
current basic solution, it is given by Bx̂B � b, x̂N � 0. Combining this with
�̂B � cB, we see that

cx̂ � cBx̂B � ��̂B�x̂B � �̂�Bx̂B� � �̂b:

The objective values are equal.
We have shown that the simplex algorithm stops with a primal feasible solu-

tion x̂ and a dual feasible solution �̂ , which give equal objective values. Thus,
by the corollary to weak duality cited above, both of these solutions are optimal
— and, as a result, the dual has achieved the same objective value as the primal.
We have thus demonstrated the following strong duality property:

If the primal has a finite optimal value, then the dual has the same
optimal value.
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The opposite, exchanging primal and dual, can be shown by similar means.
You might have noticed that, in the above argument, we used only the fact

that the simplex algorithm eventually stops in step (2). Hence this can be used
as an alternative proof that the simplex algorithm has an optimal solution when
it stops.

A further interesting consequence of duality concerns the solving of systems
of equations and inequalities. If you can find x� and �� that together solve

Ax� � b; x� � 0

��A � c
cx� � ��b

then weak duality implies that you will have simultaneous optimal solutions x�

for the primal and �� for the dual. Furthermore, strong duality implies that, if
the primal or the dual has a finite optimal solution, then you can always find
the solutions to both by just solving the above inequalities. In other words, if
you have any method for solving inequalities, you can use that method to solve
linear programs as well. It can be concluded that solving inequalities is just as
hard as solving linear programs — which justifies using the simplex algorithm
to find feasible solutions in phase I as well as optimal solutions in phase II, as
previously explained.

8.4 Complementary slackness

One more alternative condition for optimality is also useful in analyzing
some solutions. For motivation, imagine that the simplex method has stopped
in step (2), and has thus found optimal solutions x� and ��.

If x�j > 0, then xj must be a basic variable at the optimal solution. Hence
aj is one of the columns in the basis matrix B, and the equations ��B � cB
imply that ��aj � cj . We can conclude that x�j > 0 implies that there is no
slack in the jth dual constraint. Or, equivalently, if there is slack in the jth dual
constraint, then x�j � 0.

This kind of conclusion is called a complementary slackness result. It can
be extended to the following conditions that hold for all optimal solutions:

Feasible solutions x� for the primal and �� for the dual are optimal
if and only if:

Either x�j � 0 or there is no slack in the jth dual constraint
(or both), for every j � 1; : : : ; n.

Either ��i � 0 or there is no slack in the ith primal con-
straint (or both), for every i � 1; : : : ;m.

If the primal form has Ax � b, then there never is any slack in the primal con-
straints, and the second set of conditions above holds trivially. But if the primal
has Ax � b, then there can be slack in the primal as well as dual constraints.

To see why this property holds, suppose that the primal and dual are min-
imization and maximization problems subject to inequality constraints, and
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suppose further that x� and �� are feasible solutions. Then feasibility can
be expressed as

aix� � bi; i � 1; : : : ;m ��aj � cj ; j � 1; : : : ; n
x�j � 0; j � 1; : : : ; n ��i � 0; i � 1; : : : ;m

Now, starting from the strong duality result and rearranging, we have

x�; �� optimal a cx� � ��b
a cx� ���Ax� � ��b ���Ax�
a �c ���A�x� � ���b �Ax��
a

Pn
j�1�cj ���aj�x�j �

Pm
i�1�

�
i �a

ix� � bi� � 0

In the last line, primal and dual feasibility insure that each term �cj���aj�x�j �
0, and each term ��i �a

ix� � bi� � 0. Thus we have a sum of nonnegative terms
being zero, which can only be so if each individual term is zero. That is:

x�; �� optimal a �cj ���aj�x�j � 0 for each j � 1; : : : ; n, and

��i �a
ix� � bi� � 0 for each i � 1; : : : ;m

These products can be zero, however, if and only if at least one of the factors
in each is zero. Thus the condition becomes that either x�j � 0 or cj � ��aj ,
which means no slack in the jth dual constraint; and either ��i � 0 or aix� � bi,
which means no slack in the ith primal constraint.

It can happen that both x�j � 0 and there is no slack in the jth dual con-
straint. Thus we cannot conclude that a zero value for x�j implies a positive
value for the slack, or that a zero value for the slack implies a positive value for
x�j . However, it turns out that there is always at least one solution for which
such a conclusion is true:

If the primal and dual have finite optimal values, then there exist
optimal solutions x� and �� such that:

For every j � 1; : : : ; n, either x�j � 0 and there is slack in
the jth dual constraint, or x�j � 0 and there is no slack in
the jth dual constraint.

For every i � 1; : : : ;m, either ��i � 0 and there is slack in
the ith primal constraint, or ��i � 0 and there is no slack
in the ith primal constraint.

This is known as the strict complementary slackness property.
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9. Interpretation of Dual Prices

We begin this topic somewhat indirectly, by showing how the primal values
provide information about the sensitivity of an optimal solution to changes in
the primal objective coefficients. Then we show how the dual values provide
analogous information about sensitivity to changes in the primal right-hand-
side values—which are also the dual objective coefficients. This analysis leads
to some other interpretations in terms of the “value” of certain materials or
resources.

9.1 Sensitivity to objective function coefficients

Suppose that you have already found an optimal solution x� and an optimal
value z� for some linear program. What do you ask next? One common concern
is the “sensitivity” of the optimum to various changes in the data. Here we
consider, in particular, how the optimal value might change as some objective
function coefficient cd changes.

It is easy to imagine that, if cd does not change too much, then the optimal
basis B stays the same. As a result, the optimal solution given by Bx�B � b is
unchanged — since it depends only on the basis B and on b, but not on cd at
all. In particular, then, if cd is changed to c0d � cd � �d, then the optimal value
changes to

z0 � c0x� � c1x�1 � � � � � �cd � �d�x�d � � � � � cnx�n � z� � �dx�d :

The rate of change in the objective is given by x�d . Or, to put it another way,

As long as the current basis stays optimal, the objective value changes
by x�d for every unit change in cd.

In calculus terms, you can think of x�d as equaling the derivative of z� with
respect to cd.

If cd is either increased or decreased by a sufficiently large amount, then the
same basis will no longer be optimal. The optimal solution will be different, and
so will the rate of change in the objective. Nevertheless, we can imagine plotting
the optimal value against different values of cd. The following is typical:

slope is xj
*

z*

c
j

original c
j
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For any minimizing linear program, this graph turns out to be concave and
piecewise-linear as above. (For a maximization it would be the same but convex.)
In the neighborhood of the original cd, the graph is linear with slope x�d , for the
reasons explained above. But as cd gets larger, the slope of the graph tends
to get smaller; while as cd gets smaller, the slope tends to get larger. At some
point, as at the left above, the slope may become “infinite”, so that the graph
effectively stops there.

To understand the implications of this graph, it is useful to interpret it in
terms of a simple model like the one that arises from the diet problem:

Minimize cx
Subject to Ax � b

x � 0

As usual, cd represents the cost per unit of food j, bo is the units required of
nutrient i, and aij is the units of nutrient i in each unit of food j. The optimal
value x�d is the number of units of food j purchased.

The graph shows that, at first, the total cost of the diet goes up by x�d cents
for every cent increase in the cost cd of the jth food. However, as cd increases
further, the cost of the diet goes up at a slower rate. In fact, for sufficiently
large values of cd — where the graph is flat at the right — the cost of the diet
shows no change for any further increase. This is a situation you would expect;
if the jth food becomes costly enough, then it is not used at all in the diet (xd is
nonbasic) and subsequent increases in its cost do not affect the objective value.

The graph also shows that, at first, the total cost of the diet goes down by
x�d cents for every cent decrease in the cost cd of the jth food. However, as
cd decreases further, the cost of the diet goes down at a faster rate. For a
sufficiently small value of cd (negative in this case) the objective value drops
suddenly to �1; this just means that the linear program becomes unbounded.

9.2 Sensitivity to right-hand-side values

Now consider what happens if some constant bo is changed. Even if the basis
B stays optimal, the solution to BxB � b will change, and hence the effect on
the objective value is not immediately evident.

Here we need to look at the dual linear program. Since the optimal dual
solution �� satisfies ��B � cB, a change in bo will not affect it. So if bo is
changed to b0o � bo � �o, the optimal value of the dual LP changes to

z0 � ��b0 � ��1 b1 � � � � ���o �bo � �o�� � � � ���mbm � z� ���o �o:

By the strong duality property, this also represents the change in the optimal
value of the primal LP. The rate of change in the objective is given by ��o . Or, to
put it another way,

As long as the current basis stays optimal, the objective value changes
by ��o for every unit change in bo.
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In calculus terms, you can think of ��o as equaling the derivative of z� with
respect to bo.

We can now imagine a second graph, in which the optimal value is plotted
against values of bo:

slope is πi
*

original b
i

b
i

z*

For any minimizing linear program, this graph turns out to be convex and piece-
wise-linear as above, the opposite of the case for cd. (For a maximization it
would be the same but concave.) In the neighborhood of the original bo, the
graph is linear with slope ��o , for the reasons explained above. But as bo gets
larger, the slope of the graph tends to get larger; while as bo gets smaller, the
slope tends to get smaller. At some point, as at the right above, the graph may
also stop with an “infinite” slope.

Using the diet problem again as an example, a change in bo represents a
change in the requirement for the ith nutrient. At first, the total cost of the diet
goes down by ��o cents for every unit decrease in the requirement. However, as
bo decreases further, the cost of the diet goes down at a slower rate. In fact, for
sufficiently small values of bo — where the graph is flat at the left — the cost of
the diet shows no change for any further decrease. This is again a situation you
would expect; if the requirement for the ith nutrient becomes small enough,
then it is optimal to supply more of that nutrient than is needed, and further
decreases in the requirement have no effect.

The graph also shows that, at first, the total cost of the diet goes up by ��o
cents for every unit increase in the requirement for the ith nutrient. However,
as the requirement increases further, the cost of the diet goes up at a faster rate.
For a sufficiently large value of bo, the objective value jumps suddenly to �1;
this signifies that the linear program has no feasible solution when too much of
the nutrient is required. (Actually there is always a feasible solution when the
only constraints are Ax � b and nonnegativity of the variables; but infeasibility
can occur when, for example, there are upper bounds on the variables.)

9.3 Interpretations of the optimal dual values

We have already shown one interpretation of the optimal solution �� to
the dual linear program. Each ��o gives the sensitivity of the optimal objective
to changes in a right-hand-side value bo. The situation can be summarized as
follows:
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When the primal is a minimization:

Each increase of 1 in bo causes an increase of at least ��o
in the optimal objective value.

Each decrease of 1 in bo causes a decrease of at most ��o
in the optimal objective value.

When the primal is a maximization:

Each increase of 1 in bo causes an increase of at most ��o
in the optimal objective value.

Each decrease of 1 in bo causes a decrease of at least ��o
in the optimal objective value.

This interpretation can be applied to any right-hand side of any linear program.
It should be kept in mind that, if ��o < 0, then an “increase” of ��o is in fact a
decrease in the amount of ���o .

A related way of interpreting �� can be illustrated with the diet problem.
Suppose that someone offered to sell you some units of nutrient i. For each
unit you bought, you would be able to reduce the requirement bo by one —
since you would need one less unit of nutrient to be provided by the foods. For
each unit that bo was reduced, however, the optimal cost of the foods would go
down by at most ��o . Thus, it stands to reason, you would be willing to pay at
most ��o for each extra unit of nutrient i.

Under this interpretation, ��o is the marginal value of the ith nutrient. The
dual solution can similarly be interpreted in terms of values for many other
kinds of linear programs. For instance, in a maximum-revenue production prob-
lem, ��o may be the marginal value of the ith scarce resource; it is the most that
the objective will increase for each unit increase in the amount bo of the re-
source available, and hence the most you would be willing to pay to get more of
the resource. In summary, the possible interpretations are as follows:

When the primal is a minimization:

If ��o � 0, then ��o is the most you would be willing to pay
to decrease bo by one unit.

If ��o � 0, then ���o is the most you would be willing to
pay to increase bo by one unit.

When the primal is a maximization:

If ��o � 0, then ��o is the most you would be willing to pay
to increase bo by one unit.

If ��o � 0, then ���o is the most you would be willing to
pay to decrease bo by one unit.

The particular significance of increasing or decreasing bo by one unit will de-
pend on the particular model that you are analyzing.
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The transportation model, together with its dual introduced in the previous
chapter, provide a good example of how optimal dual values can be interpreted
in a particular situation. Each dual variable �o provides information about sen-
sitivity of the optimum to ao, the amount of material available at origin o; while
each dual variable �d provides information about sensitivity to bd, the amount
of material required at destination d.

Using the general principles derived above, we can make the following spe-
cific statements about the relationship between ao and the optimal value ��o :

� Each increase of 1 in ao causes an increase of at least ��o in the optimal
objective value.

� Each decrease of 1 in ao causes a decrease of at most ��o in the optimal
objective value.

These are somewhat misleading, however, because in fact the constraints of the
dual LP require that ��o � 0. An “increase of at least ��o ” is really a decrease of
at most an amount ���o � 0, and similarly for a decrease. So we can restate the
interpretation of ��o as follows:

� Each increase of 1 in ao causes a decrease of at most ���o � 0 in the
optimal objective value.

� Each decrease of 1 in ao causes an increase of at least ���o � 0 in the
optimal objective value.

This corresponds to what you would expect. Increasing the amount of material
ao available at origin o can only give you more shipping options, thereby causing
a decrease in total shipment cost. On the other hand, decreasing the amount of
material available has the opposite effect, causing an increase in total cost.

There is a similar relationship between bd and the optimal dual value ��d :

� Each increase of 1 in bd causes an increase of at least ��d in the optimal
objective value.

� Each decrease of 1 in bd causes a decrease of at most ��d in the optimal
objective value.

In this case the dual constraints require ��d � 0, so there is no further adjust-
ment to make. Intuitively, an increase in the amount of material bd required
at destination d will tend to cause an increase in total shipping cost, while a
decrease in the amount required will tend to cause a decrease in shipping cost.

Now consider how you would react to offers allowing you to buy additional
units of material. If you could buy additional units at origin o, then you could
increase ao by that much; the optimal value would be reduced by up to ���o per
unit bought. On the other hand, if you could buy additional units at destination
d, then you would be able to decrease bd by that much—because you would not
need to ship as much to d any more—and the objective would be decreased by
up to ��d per unit bought. These are the marginal values of the material:
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� You would be willing to pay at most ���o per unit to buy extra material at
origin o.

� You would be willing to pay at most ��d per unit to buy extra material at
destination d.

Another of the constraints of the dual LP requires that ��o � ��d � cod. With
a little rearranging, this says that ��d � ���o � cod: the value of material at
destination d cannot exceed the value at origin o by more than the shipment
cost between them.

An even stronger statement can be made, by using the complementary slack-
ness property. Since xod is the variable that corresponds to the dual constraint
�d � ��o � cod, we have that either x�od � 0 or ��d � ���o � cod, or both. In
other words,

� If x�od > 0, then ��d � ���o � cod.

� If ��d < ���o � cod, then x�od � 0.

This says that if material is actually shipped from origin o to destination d in
some optimal solution, then its value at the destination is exactly its value at
the origin plus the shipping cost. Hence, also, if the value of material at some
destination d is strictly less than the value at some origin o plus the shipping
cost, then it cannot be optimal to ship any material from o to d.

Complementary slackness also applies to the dual variables �o and their
corresponding primal supply constraints. Either ��o � 0 or

P
d2D x�od � ao, or

both. Hence,

� If ��o < 0, then
P
d2D x�od � ao.

� If
P
d2D x�od < ao, then ��o � 0.

This says that if there is a positive marginal value ���o to material at origin o,
then an optimal solution will ship out all material currently available. Equiva-
lently, if not all material is shipped out, then there is no value to obtaining more
of it at origin o.




